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We study the emergence of a devil’s staircase resonance structure in the locking behavior of driven
continuous systems by periodic modulation of the driving force. In particular, we concentrate on
systems that, for a constant sinusoidal forcing term, show only Adler-type locking around a single
main resonance tongue. As an exemplary system, we consider a semiconductor laser that is driven
by a modulated optical signal. We observe a clear devil’s staircase structure in both the lasing
frequency and the induced oscillations in the electric field amplitude. We show that the emergence
of higher harmonic resonance tongues in the lasing frequency is enabled by the locking of the
amplitude oscillations, but find also regions of unlocked oscillations in the field amplitude where the
optical frequency remains locked. Our results show that by proper implementation of an external
drive, additional regions of stable frequency locking can be introduced in systems which originally
show only a single Adler-type resonance tongue.
The synchronization of periodic systems by an exter-
nal force or coupling to another oscillator has been the
topic of intensive research for several centuries [1–6]. The
entrainment of the intrinsic oscillation frequency of an
oscillator by a driving signal has been observed in a mul-
titude of dynamical systems, from electronic circuits [7],
through climate dynamics [8], to physiological [9] and
neuronal systems [10]. When the detuning ν between the
driving frequency and an oscillator’s intrinsic frequency is
sufficiently small, the oscillation frequency of the driven
system becomes entrained by the external signal. Often,
outside of this main locking region, no further resonances
exist. This is usually the case when the intrinsic oscil-
lation frequency is very large compared to the width of
the resonance region, and higher harmonic resonances are
unsupported by the system. We refer to this type of lock-
ing as Adler-type, as such systems can be approximated
by Adler’s equation:
d
dt
φ(t) = −ν −K sinφ(t) . (1)
This equation describes phase-locking in a continuously
driven oscillator close to resonance [7, 11]. Adler’s
model exhibits phase-locking for sufficiently strong driv-
ing strength K ≥ |ν|, in which the driven oscillator main-
tains a constant phase difference φ relative to the exter-
nal force. Beyond this, the only remaining solution is
the drifting-phase solution, in which the amplitude of the
phase difference monotonically increases in time and the
average oscillation frequency approaches its free-running
value for |ν| → ∞. When instead a periodic, instanta-
neous forcing at discrete times is considered, of the form∑
n δ(t− nT ) sinφ(t), Adler’s equation evaluated at the
time of the n-th forcing reduces to the well-known circle
map,
φn+1 = φn − ν˜ −K sinφn , (2)
where we define φn := φ(nT ) and ν˜ := Tν. Compared to
Adler’s equation, the circle map exhibits very different
locking scenarios, which we refer to as Arnold-type. In
addition to the main resonance tongue, additional Arnold
tongues appear at oscillation frequencies corresponding
to rational ratios of the driving frequency T−1, leading
to a devil’s staircase structure formed by the resonance
tongues [12, 13]. The circle map describes the dynamics
of periodic systems with pulsed forcing, with a multitude
of applications including neuronal [14–16] and biological
systems [17, 18]. The richer synchronization dynamics of
the circle map compared to Adler’s equation stem from
the instantaneous driving term, that allows the system
trajectory to pass over the original fixed points of Eq. (1).
This leads to the emergence not only of a devil’s stair-
case locking structure, but also quasiperiodic and chaotic
dynamics [19, 20]. To observe Arnold-type locking in the
continuously driven phase oscillator, the driving scheme
must be modified to include a second driving frequency,
introducing a periodicity to the external force. Even
then, an added nonlinearity is required in the coupling
term or in the system dynamics. Such nonlinearities can
be introduced by a variation of the oscillation amplitude
due to the driving signal. In this Letter, we thus study
the emergence of Arnold-type locking in the frequency
and amplitude in continuous systems which, with a sim-
ple coupling term, show only Adler-type locking around
a single main resonance tongue.
As an example for a driven nonlinear oscillator, we an-
alyze the dynamics of a semiconductor laser subjected to
a periodically modulated external optical input signal.
Lasers traditionally have been a testbed for the study
of driven nonlinear oscillations [21], showing a variety
of different dynamical effects, including synchronization
between coupled lasers [22–24], or locking to an external
signal [25]. When the free-running laser system is already
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FIG. 1. (a,b) Experimental and simulated optical spectra, and (c,d) power spectra of the laser output for a sweep of the
relative frequency detuning ν of the slave laser. The injected signal consists of three spectral lines with a spacing ∆·κ = 10 GHz.
The experiments were performed at a slave laser pump current of 90mA (1.75 times its threshold). The injected optical power
is −5 dBm, simulated with K = 0.06. The vertical dashed white lines show where the free-running laser frequency is resonant
to one of the comb lines.
in a periodic regime, an additional periodic external mod-
ulation has been previously observed to induce a devil’s
staircase locking structure. Examples include external
cavity lasers with a modulated pump current [26] and
the control of mode-locked lasers via time delayed opti-
cal feedback [27]. The simple harmonic coupling term
sinφ as in Eq. (1) naturally arises in the laser system
driven by a constant external electric field [28]. In fact,
Adler’s equation is the low injection limit of the injected
laser system [29, 30]. The laser system itself is nonlin-
ear, which leads to rich dynamic scenarios in optically
injected lasers, including high-order periodic, quasiperi-
odic, or chaotic dynamics [31, 32]. However, in the weak
continuous wave injection regime, the locking to the driv-
ing signal is of Adler-type, comprising a single resonance
tongue. No higher-order harmonic resonance tongues are
observed due to the absence of a second frequency that
would allow for resonance effects.
A possible pathway to Arnold-type locking is re-
vealed by transforming the circle map (2) into an ordi-
nary differential equation by expressing the Dirac comb∑
n δ(t− nT ) as a Fourier sum:
d
dt
φ(t) = −ν −K sinφ(t)× 1
T
∑
n
cos
(
n
2pi
T
t
)
. (3)
The periodic forcing in time-discrete maps can be un-
derstood as a forcing of the continuous system with an
infinite number of driving frequencies, each spectrally
separated by T−1, and each leading to the appearance
of a locking region around the respective spectral line.
Nevertheless, Eq. (3) will lead to Arnold-type locking
only when evaluating the infinite Fourier sum to a Dirac
comb, introducing finite discontinuities in the trajectory
φ(t). When restricting the forcing to any finite num-
ber of Fourier components, the resulting solution of φ(t)
will remain continuous. Thus, even though the explicit
time dependence of the driving term adds an additional
dimension to the system, the phase oscillator with a pe-
riodic driving will show only Adler-type locking around
each of the spectral constituents of the forcing term. In
this Letter we show however, that the combination of a fi-
nite number of injected Fourier components and intrinsic
laser non-linearities results in the emergence of a devil’s
staircase structure with an Arnold-type locking.
In the case of optically injected lasers, the Fourier sum
in Eq. (3) corresponds to the injection of an optical fre-
quency comb, or, equivalently, a periodically modulated
continuous wave signal. To this end, we employ a single-
mode master laser emitting around 1550 nm and modu-
late its output using a Mach-Zehnder modulator driven
by a 10 GHz sinusoidal signal. The resulting optical sig-
nal consists of three optical lines of nearly equal opti-
cal power, separated by the modulation frequency, which
is then injected into a single-mode semiconductor laser.
The driving signal corresponds to taking the three center
terms of the Dirac comb with n ∈ {−1, 0, 1} in Eq. (3).
We control the frequency detuning between the slave
laser and the injection signal via the laser mount temper-
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FIG. 2. Two-dimensional resonance diagrams, showing (a) the period Tper of the intensity oscillations, and (b) average optical
frequency 〈νopt〉, in dependence on the injection strength K and the laser detuning ν from the center comb line with respect to
the free-running slave laser frequency. Simulated without spontaneous emission noise, β = 0. The plot in (b) highlights areas
where the output frequency changes little between neighboring sampling points, i.e., d
dν
〈νopt〉 < 0.05. The vertical dashed line
denotes the parameter range covered in Figs. 1 and 3. All frequencies are normalized to the comb spacing ∆.
ature, which shifts the frequency of the slave laser cavity
mode. We record the power spectra and optical spectra
of the laser output under a continuous sweep of the slave
laser detuning, shown in Fig. 1. The optical spectra in
Fig. 1(a) show the three comb lines with a spacing of
10 GHz and the slave laser frequency, swept from a de-
tuning of −20 GHz to 20 GHz. When the laser is tuned
close to one of the three comb lines (vertical dashed lines
in Fig. 1), its emission frequency becomes locked to that
comb line. At the right edge within these locking regions,
more complex features become apparent, with additional
spectral components in between the comb lines, but with
the dominant frequency component remaining locked to
the comb. Between the main locking regions, we observe
less pronounced locking regions to frequencies in between
two adjacent comb lines. As the resolution of the opti-
cal spectrum analyzer limits the visibility of these reso-
nances, we additionally record the corresponding power
spectra of the laser output, shown in Fig. 1(c). Across
the whole detuning range, a strong spectral component at
10 GHz is visible, corresponding to the beating frequency
between the injected comb lines. When the laser is locked
to the individual comb lines, this beating frequency and
its harmonics (not shown) are the only features in the
spectrum. Increasing the detuning from these regions, a
subharmonic locking to half the comb spacing at 5 GHz
can be seen for the two leftmost locking regions. Subse-
quently, an unlocking and splitting of the signal at 5 GHz
can be observed (e.g., for ν ∈ [−10 GHz,−8 GHz]). In
these regions, the optical spectrum, however, still sug-
gests a frequency locking of the laser to the respective
comb line. In between the locking regions, additional
spectral lines appear, increasing from zero frequency to
10 GHz and vice versa, while sweeping the detuning be-
tween the edges of adjacent locking regions. Within this
unlocked detuning interval, intermittent harmonic lock-
ing to rational fractions of the comb frequency spacing
can be observed. This structure in the power spectrum
of the laser output closely resembles a devil’s staircase
structure, with prominent spectral signatures at 5 GHz,
3.3 GHz, and 2.5 GHz, corresponding to 12 ,
1
3 , and
1
4 of
the comb spacing. When the laser is detuned beyond the
locking region to the outermost comb lines, no additional
higher order resonances can be observed.
In order to perform a deeper analysis of the involved
locking dynamics, we formulate a dimensionless rate
equation model [29] with an injected optical signal, mod-
elling the dynamics of the complex electric field inside
the cavity, E(t), and the normalized optical gain N(t):
d
dt
E(t) = (1 + iα)N(t)E(t) +
∂E
∂t
∣∣∣
inj
+
√
β ξ(t) (4)
T
d
dt
N(t) = J −N(t)− (N(t) + 1)|E(t)|2 (5)
Here, J = 1.5 is the normalized pump current, T = 13.2
is the relative inversion lifetime, and α = 3 is the
amplitude-phase coupling parameter. The time t is given
in units of the inverse optical cavity lifetime, κ = 60 ns−1.
The optical comb injected into the laser cavity is modeled
by an additional driving term:
∂E
∂t
∣∣∣
inj
= KE0
(
1 + 2m cos(2pi∆t)
)
− i2piνE(t) , (6)
where m = 1.1 is the relative strength of the injected
side-modes at frequencies ±∆. The comb mode spacing
∆ = 1/6 is chosen to ensure ∆ · κ = 10 GHz. The injec-
tion strength K is the amplitude ratio of the injected field
4and the free-running laser intracavity field E0. The sec-
ond term in Eq. (6) transforms the electric field into the
rotating frame of the central comb mode, at a frequency
detuning of ν with respect to the free-running laser fre-
quency [32]. We include the spontaneous emission noise
inside the laser cavity by a δ-correlated complex Gaussian
white noise source term ξ(t) in the electric field equation.
The noise strength is given by β = 4 · 10−5 .
The numerically calculated optical and power spectra
of the laser emission under the external comb injection
are shown in Fig. 1(b) and (d). The model closely re-
produces the measured dynamics and locking behavior,
allowing us to study the observed resonance structure
in more detail by numerical exploration of the param-
eter space. To this end, we calculate two-dimensional
bifurcation diagrams in the detuning ν and the injection
strength K. In Fig. 2, we evaluate the oscillation period
Tper of the electric field amplitude |E(t)|, as well as the
average optical frequency, [33]
〈νopt〉 :== lim
t→∞
1
2pit
t∫
0
dφ(t′)
dt′
dt′ , (7)
where we define φ := argE(t) as the angle of the electric
field variable in the complex plane. In the experimental
optical spectra, 〈νopt〉 denotes the position of the dom-
inating spectral line of the laser emission. In Fig. 2(b)
we highlight areas where the lasing frequency changes
little with the detuning, i.e., where it is locked. Both
the amplitude oscillation period and the lasing frequency
show pronounced Arnold tongues around the three comb
lines, with higher harmonic locking tongues for detuning
frequencies in between. In contrast to continuous wave
injection, exact phase locking with a constant phase dif-
ference between the slave laser and injection signal is im-
possible in our setup, due to the time-varying injected
signal. The frequency locking that we observe is there-
fore always a locking of the average optical frequency,
while the phase is non-static. Within the main resonance
tongues, at small injection strengths, the light amplitude
performs oscillations with a period equal to the inverse
comb frequency ∆−1 and the average lasing frequency
is exactly the comb line frequency. In the higher har-
monic pq locking tongues, the average optical frequency
is locked to the ratio pq of the frequencies of neighboring
comb lines, whereas the field amplitude performs peri-
odic dynamics with a period Tper = q ·∆−1. For increas-
ing injection strength, the laser can be observed to go
through several period-doubling bifurcations and even-
tually become quasiperiodic - that is, unlocked (white
regions in Fig. 2(a)). This unlocking, however, is lim-
ited to the amplitude dynamics. Figure 2(b) reveals that
even after the period-doubling cascades, the laser still re-
mains frequency-locked to the optical comb frequencies
until even higher injection strengths.
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FIG. 3. Comparison of the locking behavior of the driven
semiconductor laser model (dots) and a driven phase oscil-
lator model (dashed line) for driving frequencies in between
the locking regions. The laser is simulated with K = 0.06,
and β = 0. The phase oscillator is simulated with K = 0.2.
The horizontal dashed lines show the dominant higher-order
locking frequencies.
For a closer look at the locking dynamics, we perform
a one-dimensional parameter sweep of the detuning ν for
an injection strength of K = 0.06, corresponding to pa-
rameter values along the dashed vertical lines shown in
Fig. 2. We evaluate the average optical frequency, 〈νopt〉,
along a sweep of the laser detuning between two adja-
cent main resonance tongues. As a comparison, we write
down the simple phase oscillator model with the same
external forcing as the semiconductor laser:
d
dt
φ = −2piν −K sinφ
(
1 + 2m cos(∆t)
)
. (8)
For small injection strength, i.e. negligible effect on the
electric field amplitude, the optically injected semicon-
ductor laser can be well approximated by the phase os-
cillator. The behavior of the full model and the simplified
phase oscillator model are shown in Fig. 3. As previously
seen in Fig. 2, the semiconductor laser exhibits a clear
devil’s staircase in the output frequency. This structure
is especially pronounced for ν > ∆/2, whereas a less
structured dependence can be seen for smaller ν. This
asymmetry is due to the amplitude-phase coupling, and
vanishes in the limit α = 0. The locking of the phase
oscillator model, on the other hand, shows only Adler-
type locking, i.e., a locking to the main resonance tongues
around ν = 0 and ν = 1, and only a smooth transition
of the output frequency in between the main resonances.
The devil’s staircase structure observed for the semicon-
ductor laser is thus a direct consequence of the field am-
plitude dynamics, both by the explicit laser nonlineari-
ties and the dynamic variation of the relative injection
strength when the field amplitude changes. Neverthe-
less, as seen in Fig. 2, the locking of the lasing frequency
does not necessarily require a locking of the field am-
plitude oscillations. This illustrates the intriguing phe-
5nomenon that the frequency locking is enabled only by
a locking mechanism of the amplitude oscillations, while
at the same time, the amplitude oscillations can become
unlocked while the frequency locking persists.
In conclusion, we have analyzed the transition from
Adler-type locking to Arnold-type locking, i.e., the emer-
gence of a devil’s staircase structure in oscillators with
continuous, periodic forcing. We have shown how the
periodic modulation of the driving force can introduce
higher order locking tongues in systems that show only
a single main resonance tongue for constant driving. In
particular, we studied the case of a periodically driven
semiconductor laser, which shows only a single main res-
onance tongue when subject to constant optical injec-
tion. With a modulated driving signal, we clearly ob-
serve higher-order resonance tongues in both the ampli-
tude oscillations and the average lasing frequency. These
harmonic resonances in the lasing frequency are induced
by the nonlinear amplitude variations, and do not ex-
ist when neglecting the field amplitude dynamics. Nev-
ertheless, we find that the locking regions of the lasing
frequency extend beyond those of the amplitude oscilla-
tions, showing that locking in those two quantities can
exist independently from each other. Our results show
that by proper implementation of an external drive, ad-
ditional regions of stable devil’s staircase frequency lock-
ing can be introduced in systems which originally show
only a single Adler-type resonance tongue. These higher
order tongues may be of technological interest for appli-
cations where they could increase the density of injected
optical combs, among other possibilities.
The authors acknowledge funding from Science Foun-
dation Ireland under grant SFI 13/IA/1960. BL acknowl-
edges funding by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) – 404943123.
∗ lingnau@itp.tu-berlin.de
[1] M. G. Rosenblum, A. S. Pikovsky, and J. Kurths, Phys.
Rev. Lett. 76, 1804 (1996).
[2] L. M. Pecora, T. L. Carroll, G. A. Johnson, D. J. Mar,
and J. F. Heagy, Chaos 7, 520 (1997).
[3] A. Pikovsky, M. G. Rosenblum, G. V. Osipov, and
J. Kurths, Physica D 104, 219 (1997).
[4] A. Pikovsky, M. G. Rosenblum, and J. Kurths, Syn-
chronization: a universal concept in nonlinear sciences
(Cambridge University Press, Cambridge, 2001).
[5] S. Boccaletti, J. Kurths, G. Osipov, D. L. Valladares,
and C. S. Zhou, Phys. Rep. 366, 1 (2002).
[6] M. Ba¨r, E. Scho¨ll, and A. Torcini, Angew. Chem. Int.
Ed. 51, 9489 (2012).
[7] R. Adler, Proc. IEEE 61, 1380 (1973).
[8] R. Benzi, G. Parisi, A. Sutera, and A. Vulpiani, Tellus
34, 10 (1982).
[9] S. H. Strogatz and I. Stewart, Sci. Am. 269, 102 (1993).
[10] M. Diesmann, M. O. Gewaltig, and A. Aertsen, Nature
402, 529 (1999), 10.1038/990101.
[11] A. Pikovsky, M. Rosenblum, and J. Kurths, Synchroniza-
tion: A universal concept in nonlinear sciences, Vol. 12
(Cambridge Univerity Press, Cambridge, 2003).
[12] G. Markman and K. Bar-Eli, J. Phys. Chem. 98, 12248
(1994).
[13] M. Brøns, P. Gross, and K. Bar-Eli, Int. J. Bifurc. Chaos
7, 2621 (1997).
[14] D. Hansel, G. Mato, and C. Meunier, Neural Comput.
7, 307 (1995).
[15] S. Coombes and P. C. Bressloff, Phys. Rev. E 60, 2086
(1999).
[16] L. Glass, Nature 410, 277 (2001).
[17] R. E. Mirollo and S. H. Strogatz, SIAM J. Appl. Math.
50, 1645 (1990).
[18] G. B. Ermentrout, J. Math. Biol. 29, 571 (1991).
[19] G. M. Zaslavsky, Phys. Lett. A 69, 145 (1978).
[20] L. Glass and J. Sun, Phys. Rev. E 50, 5077 (1994).
[21] M. C. Soriano, J. Garc´ıa-Ojalvo, C. R. Mirasso, and
I. Fischer, Rev. Mod. Phys. 85, 421 (2013).
[22] A. Hohl, A. Gavrielides, T. Erneux, and V. Kovanis,
Phys. Rev. Lett. 78, 4745 (1997).
[23] I. Fischer, Y. Liu, and P. Davis, Phys. Rev. A 62, 011801
(2000).
[24] E. Clerkin, S. O’Brien, and A. Amann, Phys. Rev. E 89,
032919 (2014).
[25] P. M. Varangis, A. Gavrielides, T. Erneux, V. Kovanis,
and L. F. Lester, Phys. Rev. Lett. 78, 2353 (1997).
[26] D. Baums, W. Elsa¨ßer, and E. O. Go¨bel, Phys. Rev.
Lett. 63, 155 (1989).
[27] O. Nikiforov, L. C. Jaurigue, L. Drzewietzki, K. Lu¨dge,
and S. Breuer, Opt. Express 24, 14301 (2016).
[28] J. Pausch, C. Otto, E. Tylaite, N. Majer, E. Scho¨ll, and
K. Lu¨dge, New J. Phys. 14, 053018 (2012).
[29] T. Erneux and P. Glorieux, Laser Dynamics (Cambridge
University Press, UK, 2010).
[30] D. Ziemann, R. Aust, B. Lingnau, E. Scho¨ll, and
K. Lu¨dge, Europhys. Lett. 103, 14002 (2013).
[31] M. Nizette, T. Erneux, A. Gavrielides, and V. Kovanis,
Proc. SPIE 3625, 679 (1999).
[32] S. Wieczorek, B. Krauskopf, T. B. Simpson, and
D. Lenstra, Phys. Rep. 416, 1 (2005).
[33] J. The´venin, M. Romanelli, M. Vallet, M. Brunel, and
T. Erneux, Phys. Rev. Lett. 107, 104101 (2011).
